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PREFACE 


During the spring of 1948, single sideband communi ca~ 


_ > tion procedures began to be widely discussed in emateur 


, _Tadio circles. This was due to a radical simplification 
_ of existing single. sideband techniques by a group of Oe. 
. General Electric Company engineers, which work was sxteds 
- sively publicized. The foundation of these techniques was 
” the application Of saccades of the well known, Muller R-C 

. phase shift networks and other more complex lattices de- 
- rived from this prototype. The theoretical discussion of 
"these networks appeared in December 1946 as the work of 
-R. Dome of General. Electric Company. ; 

In the spring of 1948, this work was first brought to 

the attention of the author, then a student at the United 

States Naval Postgraduate School, Annapolis, Maryland... It 
“was immediately obvious that existing design procedures 
ada not result in optimum performance. . co 
; The design procedure discussed here was first ‘derived 
oO by the author in July of 1948 as a result of independent 
research stimulated by Domets work, discussed in ‘some de~ 
tail below. In February 1949, he became aware for the 
' first time of the work of D. G. C. Luck: "Properties of 
Some Wide-Band Phase-Splitting Networks", Proceedings of 
the Institute of Radio Engineers, volume 375 number 2, 
February 1949, pages 147-151. In this latter work is 
derived the results embodied in Figure 21 of the ‘Tollow- 
ing paper. The method of derivation here differs 


(44) 





considerably from that of Luck and, because: of “the more » 


detailed attention to underlying hypotheses, seems some~ . 





what more general. - ‘Also, the method used here: permite 





direct extension to multiple cascades oF iat shift | 





networks. | 





The work ‘included here was. done under the supervi- 7 


sion of Professor. ae Chaney, whose erittoten and’ editorial 


vote 
o 





comment is gratefully acknowledged. 
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WIDEBAND PHASE SHIFT NETWORKS FOR SINGLE SIDEBAND: 
TRANSMITTERS _ 


Summary: There is an inherent simplicity and flexibility 
in single sideband systems employing phase shift not 
present in systems employing selective filters. Earlier 
designs of wideband phase shift networks for single side- 
band application were. based on. premises which inevitably 
led to less than optimum performance, Herein, a design 

; procedure is evolved which,’ without additional complexity 
of circuit, yields, optimum performance in the sense of 
maximum bandwidth factor for a given tolerable phase shift 
error or minimum phase shift’ error for a given bandwidth 


Of, 


factor. 


oe ‘GBNERAL THEORY AND REQUIREMENTS. OF 
ee ) SINGLE SIDEBAND TRANSMITTERS 


1. Introduction’. 

“The usual anplitude modulation (aM) + transmitter oute 
put consists of power distributed ina carrier frequency 
and upper and lower sideband frequencies. At least one 
half the total power output is in the carrier. The in- 
telligence is contained in the sidebands and there is com= 
plete duplication in the upper sidebands of the information 
contained in the Lower sidebands. Hence, it seems feasible 
to save energy by suppressing both the carrier and one set 


of sidebands at ae source, . 


ae 


om -le 2 





At the same time, this aagieie Siaspand sagpresaed carrier 
(SSSC) transmission results in doubling the available opera- 
‘tional channels in the frequency Spectrum. Tt is also found 
that SSSC operation results: in renarkably good communica- 
bility where, under usual operation, there would be annoy= 
ing cross-carrier heterodyning (Dawley 9s Cheek 8). Further, 
there is a potential 2, ab gain in signal ‘to noise ‘ratio 
possible at the receiver tor a single sideband, System over an 
ordinary AM system (Cheek 6). ‘There are still other advan- 
tages of SSSC peculiar to power , ‘line carrier’ ‘transmission 
(Cheek 5), which will not. be mentioned here.” 

_ There are several types of ‘single sideband (SS) opera- 
tion. First, SS may me considered from the standpoint of 
the spectrum shavdotertetios of the output. In one type 
of 8s transmission, one set of ‘sidebands is suppressed; 
the carrier and the other set of sidebands is transmitted. 
In contrast with the usual AM, transmitter, the carrier power 
devel is usually much lower than thet of the ‘sideband power. 
That is, usually there. is partial ‘carrier SuPpEPeSLOns 

A second type of ss operation is referred to as vestigial 
sideband. That is, the output is almost entirely in the 
upper sidebands; however, the losest of the upper sidebands 
are slightly attenuated and some of the lower sidebands 
appear in the output at an even ‘more attenuated level (Fig- 
ure 1)*,. Of course, this whole curve could be reflected 


about the carrier frequency, with the role of upper and 





lower sidebands interchanged. 





*A1] illustrations appear in a “section following the text. 


ae , a2) 





Still another type of SS operation is referred to as 
suppressed carrier (SSSC). Both the carrier and one set of 
sidebands are BUnPe Crees and aad the other set of -gidebands 
is transmitted. 7 ‘ 
2e General Methods of Achieving Single sideband in Transmission 

One obvious way of suppressing one set of sidebands (and 
carrier) is the mprute force". technique, i. Ce the employment 
of filters or other highly selective networks. This method 
was, in fact, used in the earliest SS transmitters described 
by J. R. Carson in 1915, (Carson 4h) and still in essence used 
in existing Western Electric company ayevens: ‘(Blackwell 2; 
Almquist 1). The chief aiftioulty is in the design of filters 
with the sharp cut-off ‘characteristics required. Two such 
systems are sketched in ‘Figures ‘2 ‘and 4, with the accompany= 
ing receivers in Figures 3 and >: respectively. 

Figure 2 is a functional . alagram of a transmitter illus~ 
trating the filter method, of achieving sssc. It was indi- 
cated earlier that the- ‘major problem of this method was the 
sharp cut-off characteristics required of the filter. This 
is, of course, true only. - a. single modulator and filter 
are used. The transmitter in Figure 2 overcomes the diffi- 
culty by using several ‘subcarriers, modulators, and associ- 
ated bandpass filters. : This has the effect of opening a 
gap in the frequency epee between the pass band and the 
band one most desires to suppress. Hence, the high fre- 
quency filters need not have very sharp cut-off character~ 


istics. Slight imperfections in ‘the low frequency filter 





result in vestigial sideband operation. An obvious weak- 
ness in the transmitter is the need for stabilization of 
three oscillators instead of one. 

The receiver in Figure 3 is an ordinary AM receiver 
with the beat frequency oscillator serving to re-inject a 
sub-carrier. With voice modulated input, the receiver 
must be tuned very carefully since the intelligence is in 
a band half as wide as usual. Oscillator drift is of more 
serious consequence. In actual practice, it is found de- 
sirable to use the BFO. as a ‘fine’ tuning ‘control. It is to 
be noted that there is a vestige of ‘Lower sideband present 
in the transmitter output and this may ‘cause cross-channel 
interference. ae oe 

The transmitter and receiver dn Figures 2 and 3 were 
adapted from the Western Blectric ‘multiplex system, which 
is also filter type SS operation. ‘Figures 4k and 5 sketch 
functional diagrams of the system for ‘single channel opera-~ 
tion. 3 os 

Several characteristics of this system are noteworthy: 

1. Limiting the lowest aoiuletine ‘frequency to 300 

cps separates upper and lower sidebands by a 600 eps 

guard channel and simplifies filtering out one set 

of sidebands. 

2. Balanced modulators are used for carrier sup- 
pression. 

3. Crystal filters with very sharp cut-off character- 
istics are used to suppress one set of sidebands. 


4. Subcarriers, multiple modulators and filters are 


Py em 


qia6e to ease the requirements on any one filter. 

5. The carrier is not suppressed. On the contrary, 
it is specifically re-inserted after suppression 
but at much reduced power level relative to the 
sidebands. This simplifies locking the receiver 
on the proper frequency. 

6. The receiver amplifies the carrier frequency and 
uses it as a heterodyning frequency with the input 
signal to obtain he audio sidebands. 

This system is not considered suitable for general use 
because of the lack of flexibility in frequency. <Any fre- 
quency change requires retuning a large number of circuits. 
Further, it is quite aiffioult to design and build the ad- 
justable filters involved with the desired selectivity. 

Another means of obtaining ss is called the phase shift 
method. In ordinary AM, let _ 


O,* angular eet eee, 
Wn Zangular modulating frequency, 
(1) 


m= modulation index Ras - 


E = unmodulated carrier amplitude. 
Then, the output signal for a single modulating tone is 


(2) e=E(l+m sin w,t) sin wt 


= | sin w tram cos(w “ w )t-3m cos( Ww of v,)t | - 


To achieve SS, one constructs two voltages, 





(3) ey= e and 


(4) @9%% [a+m siny,.t+90°)| sin(w,b+90_) . ; : 
ex [sin(u,t+90°)=Zoos(¥,t+90 -u,t-90 )-xoos(~,t+90 +4, t+90 i] 


= [cos w.t-3008( w= wi) t+zcos(u a “4 t| . 
Then, from (2) and (4) 


(5) ete, =Bjoos ut + sin wt + m cos()F4)t |. 


This contains carrier and whichever set of sidebands one de- 
sires. To obtain SSSC, one suppresses the carrier in (2) 
and (4) by means of balanced’ modulators, for example, and 


has 


(6) 0, = BBleos(u-u)t -coaluryitl , 
(7) By = BB Gos(y-a)t + cose +ntl , 
(8) Sp#8,= mE cos(u Ft. 

Such a single sideband system was devised in 1925 (Hart~ 
ley 12). The important element of the phase shift method of 
SS is the device which shifts the phase of every modulating 
frequency voltage 90°, Hartley enploye multisection filters 
of complex design. Byrne iaproved somewhat on Hartley's 
system but left much to be desired (Byrne 3). Modern 
Lattice network design reduced the complexity of the system 
(Cheek 8, Dome 10, Honnell 13). There are two such networks 
currently in wide use. One has small amplitude errors and 
large phase angle errors (Dome 10), the other has large 


amplitude errors and small phase angle errors (Cheek 8, 


Honnell 13). 


ube 


The phase shift method leads to a relatively cheap SS 
transmitter and presently is enjoying a great vogue (Cheek 7 
and 8, Dawley 9, Lenehan 14, Nichols 16, Norgaard 17, 18 and 
19). Such a system is sketched in Figure 6. The chief 
difficulty is in the requirement that the phase shift net- 
work used in constructing e5 in (4) from e) in (2) must 
shift the modulating signal phase 90° for every vw in the 
modulation spectrum. In actual practice, this requirement 
has as yet been impossible to satisfy. However, several 
phase shifting networks ave been designed which yleld a 
tconstant" 90° shift to a remarkably good approximation 
over a frequency band wide enough for intelligibility. 
Practice has indicated that if the modulating frequencies 
phase shifter yields an approximate 90° phase shift to with- 
in 5° the resulting distortion is not too serious. 

Some advantage may be gained by the use of two phase 
shift networks, one imposing ‘a phase shift $= 180° aK, 
the other a phase shift $= 180° +8 , neither “nor 
being constant with frequency but such that ts ~ o, = %*t+P 
is approximately 90° over: ‘the modulating frequency range. 
The most important eeauivenent is that the « and ¢ net= 
works share the work and have virtually compensating errors, 

This system of eneratdon is lllustrated in Figure 7. 

Of course, (6), (7) and (8) ‘must be modified as follows: 


Ces sin (vyt—oe), Qgem si (Ut PY , MHP = 7°, 

C= mE ain (Uta) an wet = LmE [cee (uct — Ot 44) coe (ut tt OL 

e,= me jan (19,6 +) in (tact + 109 = Sime [coe (szt -wnt= 2498) — Cra luce Mmt +A 470 ug 
(9) 


= tmE [eee (uw t- 0¢-«) — Cod (0, +u,,t4 150° «)| 


ale 


mE [coa(wet ~wit —-c)+ colw,t+u,t — «)] 


e,t 


all 


pam con (wt Fut tx). 


It is readily seen that considerable care must be de- 
voted to the design of the balanced phase shift networks. 

It is easy to analyze the distortion effects intro- 
duced by imperfect functioning of the modulating frequency 
phase shifter. For a single modulating tone, let us suppose 
that we have e, as in (2) and that we have in place of (4) 


el =E [i tm sin lu t + 70° +8) 4 pin (wet + 70°) 


ce uw t+ ot+6) 
= 6 fecewt+ hm oe (uct Wnt - 0) + cnet : 


where 6 is small; whence, in suppressed carrier operation, 
CG. — © = mE [ erelwct tent) + cot (act +44, + 0) + coe act tint A) tot (ue t-nt 


ip : Ls 
= mE [am (wet ~Meat -39) 48 + coe, (wet + ont +4 O)eeeg >| ; 


Af 
ae 
ree 


and similarly 


; . 4 
€. +8 = mE [ ere (ut - Wt 28) coah 0 fcoa (tigt + logt +40) am 46), 


It is now readily seen that the ratio of unwanted (V,,) to 
wanted (V,,) sideband voltage amplitude is simply 


(10) Ya /Yw = | tin 42. 


, 
If the carrier 90° phase shifter has an angular error 6 


Be. 


and the modulating frequency 90° phase shifter is perfect, 
it is established in a similar way that 


If both errors are present simultaneously, 
» | ' 
wn + (0-6') 

ae Vi [ve = | car(ored 
In Figure 8 is represented the maximum tolerable phase shifter 
error associated with a given rejection level of unwanted 
sideband. ed 

It is also interesting to determine the vestigial side- 
band effect caused by unbalance in the gain of the two modu- 
lating frequency channels. For a single modulating tone, 


let ey be as in (2) and in place of (4), 
@,"= E [ttm' an (ut +70) as (uct +70°) | mle wm Cr+), 


One can readily verify that 


—— i 


Qn + e. = mE con (ut Punt) thy mE [eluet nytt coe (oe Hn) tl 
by eel (= ve 





and 
(13) Ve, 2 “l | 
Vur Z+Q b° 





Unbalances in amplitude of the two carrier frequency 
channels have no effect provided the unbalance does not 
cause over-modulation of the lower amplitude carrier. In 
Figure 8 is indicated the maximum tolerable amplitude un- 


balance (in %) in the two modulating frequency channels 


-9J= 


associated with a given rejection level for unwanted side- 
band. 

There is another type of amplitude distortion caused 
by variation of gain of the modulating frequency channels 
with frequency and this must be considered in evaluating 
various proposed 90° phase shifters for the modulating 
frequencies. ; 


II. THE DOME WIDEBAND PHASE SHIFT NETWORKS 


1. Basic R-C Lattice . ee x 

The most fundamental of ‘three networks Seopoasd 
(Dome 10) for producing the ‘desired phase shift is shown 
in Figure 9 and the equivalent circuit of a single stage 
is shown in Figure 10. ° “We seek: an expression for gain 
and phase shift in the stage. Note that for a single 
stage oe ae —* oa 
a  Pabae a, : ami 

Pout Vea" Re(Ty Ag IRqe 


The mesh equations are 
(15) {= ca” pe pngiynden tango, , 
: oI 1 (Bt) +p (2x) » 


where 

(16) ZR j/C. 

Further, 

(17) ep*- (1) +I p)Ry14 2/2, 


0, "(Ty Tg )Rm On, 15. 


It is readily seen that 


(18) Pout Vex Mica "OtT Re, +20,R/2¥0, (2R/Z-1) =e, 2/2. 
Hence, the expressien for complex gain, 
(19) Kee,2/ ( e a) Z 


Now, using (17), we rewrite (15) ‘and divide by ry and Z 
to obtain . 


(20) (0, +6 pAtgT ante, /e 


OmI,~Ze [Ze : ; 
Adding the two equations in (20) and employing (17), we 


obtain 





(21) Me,F=r 8, cn 2 a2 ree 
a 
Applying (24 to iy one obtains 


Kap /Z frzery le +23) ae [p ; 
\?] ue 


ge 
el ea say + 


(22) 
8 = 2 arctan 1/5RC - -arotan 2r moan 


Reference to Figures 6 and:7 and the accompanying analysis 
evinces the necessary condition that |K| be independent of 


frequency. Therefore, we impose the condition 


(23) (zl/2 > >min (R,, 1/g,) 


Zita 


(which is not explicit in Domets article, loc. cit., but 
should be), so that (22) reduces to 


(2h) Kee padsn /By) AZT, (Kl pm ipezer /R,) "> Po2 aretan 1/oRe. 


In the cascaded stages of Figure 9, we use identical 


tubes for simplicity. Then, for this cascade, 


|Z, 1/2 |B i, \/2 >> min(Rga, 1/e,) (n=1,2), 


[K\ =) 1X4) =p A(peaen, ~ “he2er /Rgo)*, 
Pn, +,"2 (arctan 1/wR,C, - erctan 1/R,C,). 


. Now let 


Por" W/R, Oy + Y o2tt/Rata, ». 


(26) BopFato,, s*(atl)/va (2 2). 


Dome assumes further that Ry =o so that c= ac but this 


2) 
is not necessary except as a simplification. Since (26) 


implies that 


(27) Woy %/VE and Wear Kove , 
we have 
Wag to 
pratarctan.t: o1/ + arctan o2/* )=2 ea ee TT 
SWWy 2suw 9 owe) 0 





=2 pay 2 = arctan: 
(w 7-0) 2-( 5409)? 
2o The LxC Lattice 


Another phase shifting network (Dome 10) is illustrated 


aioe 


in Figure 1l. Again, it is not explicit in Dome's article 
that the shunting impedances across the tube are so large 
relative to rp and Ry that we have virtually 


4 


(29) ay te 


We thus have the equivalent network shown in Figure 


12, with 
( 30) ere Vat ¥ O,FV, ri 


Now, the circuit in Figure 12 is equivalent to that in 
Figure 13, It is not difficult to deduce that (28) holds 
again, where the network parameters are so proportioned 


that 
(29) 1/140, *1/ Lgla" v5» Ly /Lg" Moh Cons 


which implies that R[=VL,1,/6,C = L./c,= L,/c,. (This 
corrects an error due to Dome (Dome 10)}. 
3. The R-C Lattice. | 

Still another phase shifting network (Dome 10) is 
given in Figure 14. Again, it is not explicit in Dome's 
article (Dome 10) that the shunting impedances across the 
tube are so large relative to rp and Ry that (29) and 
(30) hold. The circuit in Figure 14 is equivalent to 
that in Figure 15 and therefore to that in Figure 16, 


Now, let 


-13- 


= 


Ww 07 1/Ry 6) =1/R26"1/R0 39 


: 2 
(30) Comat), C,"4a Oy /(1-4a) (hence, Ro"R,/a, R3=(1-4a)R, /4a"), 


s=(1-2a)/a, a=1/(st2) (Ocad/4 so that s>2). 


Then, once more, (28) is readily dirivable. 
4. The Dome Design Procedure. 

Before discussing the method used by Dome in obtain- 
ing the values of s and Wo appearing in (28), we make some 
general remarks. The remarks made here and in the next 
section apply equally well if one requires the design for 
a constant phase shift network of Dome type providing any 
prescribed phase shift. A 90° phase shift is used here 
as being of primary interest. 

For the & and p networks of Figure 7, we shall take 
two networks of Dome type. We shall introduce the addition- 
al subscript and — respectively to the notation used 
above. Since the networks must be balanced as to gain, 
we must have for the gain amplitudes lx al We le 


For the two networks, we have respectively 


D m2 arctan FF #180°-d, 


Wea ‘ 


(31) Ome arotan—z*te180°6 6. 


wn op 


The net phase shift between the two channels is thus 


ais 


(32) A Ped, -B b+ x, 


We desire that this be 90° for all the modulating fre- 
quencies. Certainly, (34) is not independent of frequen- 
cy and can be made 90° for at most a few isolated values 
of frequency. 


Given the modulating frequency range, 1 sW << 
lower =~ ~~ 


Ww the best possible design calls for the following 


upper? 
procedure. Consider the function: 


WWox 
(33) sn, -Z, -90" '=2(arotany J - crotang ge A 45°) 
Wie W 
“P 
over the interval &, ¢ws W, (w, = a te ee Gauls 


Now A vs © may be graphed as a four parameter (So : 

Sop » Woa, Yon ) family of curves, For each such curve, 
there is a maximum deviation of A from zero over the in- 
terval ( Wp we }e We seek the particular curve which has 
the minimum such maximum deviation. This curve is asso- 
ciated with a particular set of parameters. This set gives 
the best possible design constants. 

It may be remarked that if a choice of parameters is 
to minimize maximum |A\| , then there should be some value 
vl , such that Ww, <-2<. , for whiéh AsO. In fact, 
since A is a "well behaved" function of W, one might well 


suspect that maximum \a | will be minimum if A= 0 as often 


(1331 


as possible in the interval (4, %,)« 


This is not the line of attack used by Dome (loc. cite). 


~15~ 


Instead, he observes empirically that if 


(34) 3a s< 5, 
then, in (28), % is a fairly linear function of log Ww 
over a usably wide frequency band. Further, in the ~ 


and 6 networks, one has approximately 


By,*b* log w 
(35) Darb+ log cw 


p 


oP a * log c 


where b and c are constants. Again, empirical consider- 


ations lead to the choice 
(36) s. * s. *¥k 


as giving a "most linear" type of @ vs log curve. 

The plot of Pao Be, ‘vslog varies, one trusts, about 
90°, Dome seeks to make DinD x = 90° in the middle of the 
frequency interval; l.e., he takes -fM such that log -L. =¥% 
g(log vw, * log O15 i.e.,-L is the geometric mean frequen- 


cy over the band: 
(37) JL eMyey 


For the audio band, this is often taken to be 700 cps. 
Dome further specifies that at this mean frequency, 
the networks share the burden of phase shift, i.e. p= « 
for w=-2. Since @+%"90° foru*, one has # =« = 
45° for W714. Hence 2n* 225° and %, = 135° for wal, 


be 


Thus, 3D = 112.5° and 44" 6765° for w# 1. and, using 
(36) in (31), one obtains 


LW 
(38) eee ee 
res Won AL" — Hep 
whence 
2 ain 

S04 (¥2~1) ND Vane Wor = 0, 

1 44 (YEo1) 1.000 wef = 0, 
and 


OL * lave ~ 1)+413-872 tose 2422699 ttoama Woe y 
= w/a. 


Such a choice of parameters as given in (36) and (39) 
yields, according to Dome, “ and p phase shift networks 
for which maximum |A| is 4° over a band for which upper to 
lower frequency ratio is almost 28 to 1, for example 130 
to 3600 cps. Less deviation or greater bandwidth can be 
obtained by using several such networks in cascade, 
Actual computation yields a 4.9° maximum |A\ over the 
band, rather than 4° (see Figure 22). 


III. FIRST REFINEMENT OF DOME DESIGN 


At first, we shall concern ourselves with a very 
small extension of the Dome procedure. We shall assume, 


SS 


as does Dome, that 


(40) Om AO RRS 450° Tor Ws /L w/w, « 


Hence, 
Stu 1, 
(41) Se lvE ee SE. 
LL ~— Wo« ee ye 


In (41), let ar G2, Yo, =h-1, then 


@/ 1-8") + b/ (1-b”) = 0 = (gth) (1-gh)/(1-e%) (1-h2) , 


Hence, gh #1 and 
(42} sh/(h*-1) = l+ 2, New ¥ Yon Won * 


Thus, in (33), with x=suv/nandh >1, 
As 2arotan Foy - arctan fet - 45°) 
a x xe 


72 
xtex” (ps eh“eh “)+1 
whence 


(43) 34 * arctan B~ 45°, B>O. 


Applying (42) to (43), we obtain 
(uy) we Real ea) 5 plat) _, tea? (2-1) 
(xe-1) “#2x°5@(yB-1)  xton (2t-2)41 


~1 8 


The problem then is one of choosing t in (44) in such 
a way that for a given maximum JA\ the bandwidth is maximum, 
or for a given bandwidth the maximum |A) is minimum. Each 


of these is solved in a similar manner. Note that 


= = t(1-x*) [xh+x*(6-2t)+1\4 [x+x?(2t-2)+1)* . 


and B has an extremum at y,” 1. This is the only extremum 
and a maximum if t<4. If t>4, then y,"1 is a minimum 


and there are two maxima at 


(45) -¥yg™ AUHRAF2 FVTE-BY7Z 


In Figure 17 are sketched typical members of the one 
parameter (t) family of B vs x curves. It is geometrically 
evident that the useful curves are those for which t2 4h. 
There is some simplification in noting that B(x)*"B(1/x), 
so that we need only consider x >l. 

It must be remarked that in replacing consideration 
of deviations of A from zero by consideration of deviations 
of B from unity, we cannot consider values of B<1 in the 
same light as values of B>1l. Note that if B,  1tm and 


B, “l=n (m,n>0), then 


2 
|Aq\ /2arctan B)-A5°#45"-eroten Bom \Ag\/2 if B,#1/Bo. 


Further, if t>kh, 


B Reis TE lapis os t/2v2t=4 
(46) nax| 


poet yt 3(2t-4) 
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At the same time, 


aie 
B a sale +1) 
las xt+6x“41 


nae 


bye 5/REE “r/e1/,.. 
) + e2v2t-5/t91/B 
715 Yq, 3(2t-A) +497 5 tok 





and it becomes geometrically evident that one should take 
t>h, ise. s*>4( 2 +1). 
In fact, given a bandwidth ratio w/ ws" p“, one 


should take t>4 so that B(p) = 1/8,,.* 1/B(y3)5 iGo 


2v2t-h/t = tp(p@+1)/[(p°+1) +p? (2t=4)] se 


(47) q/u + u/g = (ut+u7ty2/2, u=72t-]/2 >1, q=(p+p7+) /2> i. 


This is geometrically obvious from Figure 17. 

Similarly, given a maximum permissible JA\ , we 
immediately have a maximum permissible Biax* We then seek 
the largest bandwidth ratio p* such that neither B nor 
1/B exceeds the maximum permissible Biax over the interval 
l/p=x<£p. It is geometrically obvious from Figure 17 
that this is achieved by taking B(p) "1/3 ax again. Thus, 
(47) serves as a defining equation for p in terms of t, 
and hence of B..,- 

The problem of maximum bandwidth for a given maximum 
permissible deviation and the problem of minimum maximum 
deviation for a given bandwidth are essentially the same. 
in fact, one may begin by assigning values to s, then 
computing t by (44), Bay by (46), maximum |A| by (43), 
bandwidth factor p from. (AT). | 
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This is the procedure followed in obtaining Figure 18, 
which indicates the maximum bandwidth obtainable for a 
given permissible deviation and the minimum maximum devi- 
ation obtainable for a given bandwidth. Also, it indicates 


the choice of design parameter s pertaining to each condi- 


tion. 
IV. SECOND REFINEMENT OF DOME DESIGN 


As was seen in (33) we are concerned with the func- 


tion 
A* 2(arctan B - 45°), 


where 


- 3 
Wo $ (ur wor) me Wg oe Foe, (49 — Hg ) re jus, 
Cy wags (ud eu) +4 LI Wy exo Sx 3p 


(48) B(v /n) = 2 
We seek to minimize maximum |A\ over the interval (wg, %,), 


which is equivalent to minimizing maximum C-1 where 
(49) c= Bif B2l, c*1/B if Bél. 


Having four parameters at our disposal in (48), we 
can expect that we can make B*1 for four distinct values 
of & in the interval (4), 4) and that a best choice of 
parameters will accomplish this in the process of minimiz- 
ing maximum C-l. 

Unfortunately, as was pointed out in the previous 
section, the two fundamental assumptions of the Dome 
method are given by (40). There is no compelling reason 


for making these assumptions. In fact, the design can be 


=2le 


improved by not making them. For, these very assumptions 
imply that, of the four values of ™ for which B#1 (48), 
two at least are coincident, since B=1 and dB/a© * 0Q 
for » */fl. Thus, these assumptions preclude minimaliza- 
tion of maximum C-1, 

We can continue further the general remarks concern~ 
ing the choice of parameters Uw, %,, Sx, 52 in (48). 
Observing that the desired and obtainable form of B(x) vs 
x (#4) curve is as shown in Figure 19, we see that the 
design parameters must be chosen so as to give four dis- 
tinct values Ky» Xo: Xa, x) of x in the interval (1/p, p) 
for which B¥1. Also, there are three distinct values 
Yi» Vor V3 of x in this interval for which B is extreme 


and these are such that 
(50) Bly,) *Bly3) =21/Blyg)>2 , Blyg) "B(p) * B(1/p). 


The computational difficulties involved in this procedure 
are perhaps excessive. 

However, we can preserve much of the simplicity of 
calculation of the preceding section by assuming that 
B(x) is a symmetric function of log © , ives BCS )® 
B(-%). This has the effect of assuring that the net~ 
work performance does not favor either high or low fre- 
quencies. This symmetry, by the way, is a consequence of 
Dome's assumptions (40), but the latter imply additional 
undesired restrictions of the function B. 


In the following, it is shown that 


(a) B(x)= B(1/x) requires that sx "8 2 and Wouttea = fd 
for minimalization of maximum |A\ . 
It can be shown in a similar manner that: 


(b) weess=-2” results in s,=s, and B(x)= B(1/zx), 


fig 
(c) s,s eresults in Lipgwog =-2 and B(x)= B(1/x), 
for minimalization of maximum [Al . 

Hence, any one of the three assumptions B(x) ® 
B(1/x), s,* 8, OF Wectog~ 2 may be made with identical 
results. The remaining case in which one has simultaneous- 
ly s, # Sp Wore stih , and B(x)# B(1/x) for every x in 
(1/p, p) has not been investigated fully because of the 
complexity. However, there is strong evidence that 
maximum |A\ is minimized only if B(x)= B(1/x). 

In order to simplify manipulation, we introduce into 
(48) the substitutions used in the previous section: 


(51) eo My 5 Monte, Yop shi2, o ext, 1l/pexs psv¥o. Juz 
Then, 


hs,-gs.)+g¢h(hs.-gs | 
2) B(x)= 
(52) xen" (ehs_s,-@°-h”)+2 h 


The symmetry condition requires that B(x)* B(1/x). Com- 


paring coefficients of like powers of x, one obtains 


(53) 8, (h*+ 1)/h* s_(e*+ 1)/g and either g=h or gh" 1 or 
s,* (b+ 1)/h, S,* (e°+ 1)/g. 


If g™h, then s,* 8, and B(x)" 0, which is absurd. Hence, 
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2 2 
gfh. If s,e(h +1)/h and 8S _4=(& + 1)/g, then B(x) » 
x(h*=g*) /gh(x2+ 1) and this function is not of the form 
shown in Figure 19 but has but a single maximum as shown 


in Figure 20. Therefore, 
(54) gh= 1. 

Hence, in (53), 

(55) s.* Se" Sy 

and thus, in (52), 

su x(x +t) 


(56) B(x)" 


(h>1/h*g, u=h=g>0). 
x (seu =2)4+1 


We shall need also 
(57) Be sultan?) (aha? (s?u?-6)1]/[atea®(sPu?2)01]? 


In order for B(x) to have the three distinct extrema 
of Figure 19, we must have 
(58) s*-u> 8, 
Then, Vo *] is a minimum point and 
(9) 84" af s?au?-, FAY s7au%8 


are maximum points. Thus, to satisfy (50), we must have 


Bly, 3) =su/27/s*=u"=F =1/Bly,) , 


(60) | 
B(y5) =2su/( s*-u*)=sup(p"+1)/[p*+p*(s*-u2-2)41 | 


e2hn 


From (60), 


su = ((pt1){ol48ptpeHIT = . 


whence, 


u= 7(p+1) [Yp"FT + v2p - (pea) ] £p 

ax “pri)lyo™a + vB + (pe) /p 
(62) = FS a 

Biya) * v2 p(p*+1) /(p+1) 


min max | Al= 2 | erotan 2 -13 | ‘ 
¥ap(p*+1) 

Figure 21 shows the relationship between bandwidth 
factor p and the minimum maximum deviation from constant 
90° phase shift over the interval of modulating fre- 
quencies. Figure 18 is replotted in Figure 21 to serve 
as a basis for comparison. The improvement is evident. 

Dome (Dome 10; page 114) gives the design constants 
for an R-C lattice based on (36), (38), (39) above. This 
network was built and its phase shift characteristics studied. 
Also, an identical network to cover the same frequency band 
was built using the improved design procedure. The phase 
shift characteristics of both networks are plotted for 
comparison in Figure 22. 

It is seen that a 3.6° maximum error is obtained with 


fe) 
the improved design, a 4.9 error with Dome's design for 


_ 
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the same operating band. As seen from Figure 21, ifa or 
maximum error were tolerable, with the improved design one 
could extend the acceptable operating band from Dome's 
130-3600 cps to 108-4550 cps, i.e. from “ = 27.8 to 
42.25. 
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